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1. Introduction 

In this paper, we continue the study ([HEIIZI) of the category T-^*" of integrable level zero 
representations with finite dimensional weight spaces of affine Lie algebras. The category of 
integrable representations with finite dimensional weight spaces and of non-zero level is semi- 
simple and the simple objects are the highest weight modules. In contrast, it is easy 
to see that the category jf^"- is not semi-simple. For instance, the derived Lie algebra of 
the affine algebra itself provides an example of a non-simple indecomposable object in that 
category. The simple objects in 2^^^ were classified in [21 [7] but not much else is known about 
the structure of the category. 

The category can be regarded as the graded version of the category !F of finite- 

dimensional representations of the corresponding loop algebra. The structure of J- has been 
studied extensively in both the quantum and classical cases in recent years ([2 El El El E])- 
There is a natural functor L from T to I^*" which we study in this paper (Section El) and 
which has many nice properties. But there are important properties that fail, for example in 
general the functor L only maps irreducible objects to completely reducible objects. In par- 
ticular, the trivial representation in is mapped to an infinite direct sum of one-dimensional 
representations. 

The latter phenomenon is the main source of difficulty and makes the study of the category 
interesting in its own right, since the results and proofs sometimes require substantial 
modifications from the ones for J^. It is immediate from the preceding comments that objects in 
the category 

Jfin 

are not always of finite length. However, in SectionOof this paper, we show 
that a weaker version of the finite length property holds, namely that the number of non-trivial 
constituents of an indecomposable module is finite. Moreover, each indecomposable module 
admits an analogue of a composition series which we call a pseudo-Jordan-Holder series. Such 
a series is unique up to a natural equivalence. As a result we are able to conclude (Theorem ^) 
that any object in X-^*" is a direct sum of indecomposable modules. Moreover, only finitely 
many of the indecomposable summands are non-trivial modules for the corresponding loop 
algebra. This, in particular, implies that if^"- has a block decomposition. The methods used 
in this part of the paper rely only on facts which remain valid for quantum affine algebras. 

In Section El we obtain a parametrization for the blocks and describe the blocks explicitly 
(Theorem j^J . The blocks in Z-^'^"' are parametrized by the orbits for the natural action of the 
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group on the set H of finitely supported functions from to the quotient group of the 
weight lattice of the underlying simple finite dimensional Lie algebra g by its root lattice. It 
was proved in jSj that H parametrizes blocks in the category T . To prove the result for X^^"^ 
we use the functor L defined and studied in Section [3 One of the tools used crucially in [3] 
was the notion of the finite-dimensional Weyl module introduced and studied in |H] (in the 
quantum case they appear in |12|ll3j ). One can define in a similar way the notion of the graded 
Weyl module, which is an object in X-^*" and has the usual universal properties. A natural 
question is then whether the functor L maps Weyl modules in T to graded Weyl modules or 
at least to direct sums of graded Weyl modules. This question turns out to be rather difficult 
since it is equivalent to proving the conjecture of (HI on the dimension of the Weyl modules 
in T . This conjecture was established in [S] for the affine algebra whose underlying simple 
Lie algebra g is isomorphic to 5(2. In other cases, as Hiraku Nakajima has pointed out to us 
recently, the dimension conjecture can be deduced as follows. The results of ^lE] imply that 
the Weyl modules are specializations (the q = \ limit) of certain finite-dimensional quotients 
of the extremal modules for the quantum affine algebra. Then it follows from the results in 
and 121 1^ that these quotients (and hence their specializations) have the correct dimension. 
Other approaches to proving this conjecture, which do not rely on the quantum case, have 
been studied recently: in |4| for the case of g isomorphic to str, t > 3 and in jJUj for any 
simply-laced g. 

Acknowledgments. We are grateful to Hiraku Nakajima for discussions relating to the 
dimension conjecture. 

2. Preliminaries 

Throughout the paper, Z (respectively, Z+, N) will denote the set of integers (respectively, 
non-negative, positive integers). 

2.1. Let g be a complex finite-dimensional simple Lie algebra and f) a Cartan subalgebra 
of g. Set / = {!,... ,dim[)} and let : i E /} (respectively, {wi : i E /}) be a set of simple 
roots (respectively, fundamental weights) of g with respect to f), ii+ (respectively, Q, P) he the 
corresponding set of positive roots (respectively the root lattice, the weight lattice). Let Q^, 
be the Z_|_-span of the simple roots and fundamental weights respectively. It is convenient 
to set wq = 0. Let > be the standard partial order on P defined by: A>/iifA — /uE Q'^. Let 
6 E i?"*" be the highest root and if g is not simply laced denote by 9s the highest short root. 
Denote by W the Weyl group of g. 

Given a R, let g^ be the corresponding root space. For a E R'^ , fix non-zero elements 
^ 0±o 3,nd £ i), such that 

[a"^,x^]=±2x^, [x+,x-] = a"^ 

and write 

n"^ = 0±a = Cx±„. 

It is well-known that T = P/Q is a finite abelian group. For any 7^ 7 E P fix the unique 
minimal representative ^ zu-y E P^, i.e if A E P^ satisfies A < then A = zu^. 
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Lemma. Let A G \ {0} and Zet 7 G F be such that A = zu-y (mod Q). Then A > zu-y. In 
addition, if X £ fl and A 7^ 0, then X> (5 where f3 = 6 if q is simply laced and (5 = 9s 
otherwise. 

Proof. For g = sl^+i one can show by a direct computation that vUi+VDj G vj^j^j 1^-^^^ i+i) + Q^ ■, 
^ ^ i, j ^ ^- The statement fohows since the minimal representatives of the elements of F in 
this case are Wi, < i < £ and any A G P~^ \ {0} can be written as A = X^^i some 
> 1 and 1 < ir < i. For all other types the statement is trivially checked. □ 

2.2. For A G P^, let V{X) be the irreducible finite-dimensional g-module with highest 
weight vector v\, i.e the cyclic module generated by vx with defining relations: 

n+vx = 0, hvx = X{h)vx, {x-f^'^^'^+'vx = 0, 
for alH G /, /i G f). Given any g-module M and ^ G f)* set 

Mf, = {v e M : hv = fi{h)v, h G I)}. 
If M is finite-dimensional then M = Af^, and moreover 

M ^ y(A)®™^W, mA(M) G Z+. 

AGP+ 

The following Lemma is standard (see for instance). 
Lemma. Let A,^ G P"*" &e such that A > /i. Then, V^(A)^j 7^ 0. □ 

2.3. Given a Lie algebra 0, let U(a) denote the universal enveloping algebra of a and let 
L{a) = a (g) C[t, t~^] be the loop algebra of a with the Lie bracket given by 

[x(S> f,y® g] = [x,y]a(S> fg, 

for all x,y £ a, f,g £ C[t^^]. The Lie algebra L{a) and its universal enveloping algebra are 
Z-graded by the powers of t. We shall identify a with the subalgebra a (8) 1 of L{a). Denote 
by L^{a) = L{a) © Cd the extended loop algebra of a, in which [d, x (8) t"] = nx (8) t". 

2.4. Let f)e = f) © Cd, which is an abelian Lie subalgebra of L'^(g). Define 5 G f)* by 

6(d) = I, 6{h)=0, V/iG{). 

We regard elements of f}* as elements of fj* by setting X{d) = for A G [)*. In particular, we 
identify P and P^ with their respective images in [)*. Obviously, f)* = [)*®C5. Set Pe = P®Z(5 
and let P+ = P+ © Z6. Then Pe C {A G f)* : A(a/) G Z Vi G /}. 

Let be the affine Weyl group associated with W. Its image in the group of automorphisms 
of f)* identifies with the semidirect product of W with an abelian group generated by the th, h € 
Z(VF0V)) where th{X) = A - X{h)5 for ah A G f)*. Given A G P+, let rx = mmf,^z{we^){Kh) ■ 
X{h) > 0} G N. This number exists since Z{W9'^) is contained in the Z-span of the a^, i £ I. 
Then for all s G Z, there exists w &W such that w{X + s5) = X + s5, where < s < r;^. 
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2.5. Given i £ I, let Af{u) G U(L([)))[M] be defined by 

fc>0 fc>0 

It is easy to see (cf. jH|) that U(L(f))) is the polynomial algebra on Ai^±k, i £ I, k G Z, k ^ 0. 

3. Elementary properties of the category T'^*" 

3.1. Recall that a L'^(g)-module V is said to be integrable if 

and the elements ^ act locally nilpotently on V for all a € and s € Z. Denote by 
I the category of integrable -L^(0)-modules. Let wt^(y) = G f)* : V"^ 7^ 0} be the set of 
weights of V with respect to f)e- It is well-known that the set wt'^{V) is T^-invariant. The 
following Lemma follows immediately from 12.41 and will be used repeatedly in the rest of the 
paper. 

Lemma. Let V G Oh I and assume that fj, + s5 € wt'^(y) where ^ G , s £ 7^. Then 
+ rS £ wt^(y) for some < r < rx- □ 

3.2. For a G C set 

V{a} = {v £ V : dv = {a + k)v for some k G Z}. 

It is trivial to check that ^{a} are L*^(g)-submodules of V and that T^{a} = V{li} if and only 
if a — 6 G Z. For any a G C/Z set V{(i} = V{a\ where a is any representative of a. Let X{a}, 
d G C/Z be the full subcategory of X whose objects are L'^(0)-modules V satisfying V = V{cl}. 

Lemma. Let V he an integrable L'^{q) -module. 

(i) Let ^ G wt^iV). Then fj,{al) G Z, i G /. 

(ii) We have 

y = v{-a}. 

aeC/Z 

Moreover, ifV = V{d}, V = V'{b} with a^b, then Extj(l/, V) = 0. In particular, 

J= I{-a}, 

aeC/Z 

and the categories I{d} are equivalent for all a G C/Z. 

Proof. Part (P is standard and follows from the representation theory of 5(2 applied to the 
subalgebras of L'^{q) spanned by the elements {a^^. ,a,^} for i £ I. The first two statements 
in (jni) are straightforward while for the last it is sufficient to observe that the functor V 1— > 
V ® C-aS, where C^aS is the 1-dimensional -L'^(g)-module on which L(g) acts trivially and d 
acts by —a, provides an equivalence of categories between X{a} and 2r{0}. □ 
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It follows, in particular, that we can restrict ourselves to the subcategory I{0} of X. Observe 
that V G Oh 2 is an object in X{0} if and only if wf^iV) C Pg- Let X-^*" be the subcategory 
of X consisting of modules V such that wt^{V) C Pe and dim < oo for all fj, Pg. 

3.3. Let V be an integrable L^(f|)-module. For A G P+ \ Z6, set = {v £ Vx : L(n+)z; = 
0} and 

AGPe+\Z<5:0<A{d)<r;^ 

Proposition. Let V be an object in X-'^'" and suppose that C V2 $i • • • is an ascending 
chain of L^{Q)-submodules ofV. Then wt^(V^/V^_i) C for all but finitely many r > 1. In 
particular, is finite- dimensional. 

Proof. Write 
where 

^[7] = w- 

fi=-aj-y (modQ),n£Z 

Since V['y] is obviously a L^(g)-submodule of V and F is a finite group we can assume without 
loss of generality that V = V['y]. Suppose for a contradiction that wf^iVr/Vr-i) ^ Zi5 for 
infinitely many r > 1. Since V is integrable, Vr/Vr-i is a (possibly infinite) direct sum of finite 
dimensional g-modules. In particular, for infinitely many r > 1 there exists € P^ \ {0} and 

€ Z such that v G {Vr/Vr-i)^^+srS^ v ^ generates a simple highest weight g-submodule 
isomorphic to V{nr). By Lemma l2.H fir > ^^7, hence V{iJ,r)vu^ 7^ by Lemma 12.21 and we 
conclude that ro-y + SrS G wf^^Vr/Vr-i). 

Suppose first that -ai^ / 0. Then by Lemma|H3 vj^+SrS G wt^{Vr/Vr-i) with < < r^^. 
It follows that there exists < s < r^^ such that ro-y + S(5 G wt'^(V^/V^_i) for infinitely 
many r > 1. This implies that V^^+sS is infinite dimensional which is clearly a contradiction. 
If = and Hr ^ 0, then by Lemma l2.ll we have that /ij- > /3 where (3 = 6 or (3 = Og. The 
preceding argument would then imply that Vg+s(5 is infinite dimensional for some < s < r^, 
which is again a contradiction. □ 

3.4. In the category X-^*" the role similar to that of highest weight modules is played by 
^-highest weight modules. 

Definition. Let V be an integrable module. A non-zero element v G is called an l- 
highest weight vector if '[J{L^{\]))v is an indecomposable U(-L*^(f)))-submodule of V and if 
dim(U(L'=([)))7;)A+r5< 1 for all r G Z. We say that V is ^-highest weight iiV = U(L^(g))v 
where f G F is an ^-highest weight vector. 

It is not hard to see by the usual arguments that an i'-highest weight module is indecom- 
posable. Observe also that if G and \J[L'^{\]))v is a simple U(L^(f)))-module, then 
dim(U(L^(f)))v)A+r5 < 1 and so v is an ^-highest weight vector. 
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3.5. Retain the assumption of I,'-} .41 and consider V^^^^ = {v : L{g)v = 0}. Obviously, 
1/^(0) is an L'=(g)-submodule of V. 

Lemma. (i) y^(s) ^ 0,^^ , E Z+ 

(ii) Suppose that wt^(y) C Z5. Then V = V^^^\ 

(iii) Suppose that V ^ \/^(0). Then V/V^^^^ does not admit an L^{Q)-suhmodule isomorphic 
to CrS, r E Z. 

Proof. Parts (jH) and (jnj are immediate. For ((ml), let Vq = IZ-'^^s) C V and suppose that there 
exists V \ Vq such that C Vq. Since ^ is a weight module, we can write, uniquely, 

V = X^fct'^fe, ^fc G f)e- Since /it; G Vq for all /i G [)e and wt'^(Vo) C Z (5 by (0), it follows that 
/ifc G Z(5. Then (x^ (8> = and so L{q)v = 0. Thus, v G Vq, which is a contradiction. □ 

4. FiNITENESS IN THE CATEGORY X-^*" 

The main result of this section is the following theorem. Although we state and prove this 
result only for the classical affine Lie algebras, it is clear that the proof goes over verbatim to 
the quantum case. 

Theorem 1. Let V be an object in X-'^*". Then V is isomorphic to a direct sum of indecompos- 
able modules. More precisely, there exists submodules Uj, j = 1,2 such that V = f/i ©C/2 with 
Ui C U2 = . Moreover, U2 is isomorphic to a finite direct sum of indecomposable 

modules. 

We prove this result in the rest of the section. 

Remark. Note that there exist indecomposable modules of infinite length in X-^*". For exam- 
ple, let M = g © C as a g-module with the L(0)-module structure defined by (x © t^){y © a) = 
[x,y] © k{x,y)g, where (■ , •)g is the Killing form of g, for all x,y G Q, k G Z and a G C. 
Then M is an indecomposable L(g)-module. Applying the functor L (cf. 15. 4j) we conclude 
that L{M) contains L(C) = ^^ez^rS as a submodule and L{M)/L{C) = L{g) which is 
a simple L^(g)-module. Thus, L{M) has infinite length and it is easy to see that L{M) is 
indecomposable. 

4.1. The following proposition was established in (Proposition 3.2) in the quantum 
case. We provide its proof here for the sake of completeness. 

Proposition. Let V be an object in X-^*". Then there exists A G wt'^(y) such that X + r] ^ 
wt^(y) for all 7? G (3+ \ {0}. In particular, X G P+ and ^ 0. 

Proof. By Lemma 1,3.51 we may assume that wt^{V) (t Z5. Suppose that for each /i G wt'^{V) 
there exists v G such that ^ + v wt'^(y). Fix some G wt'^(y). Then there exists 
an infinite sequence {rjr}r>i such that r/^ < r/r+i and fi + r]r (z wt^{V) for all r > 1. Set 
Wr := U(g)V^+r,^. Then Wr is an integrable g-module with finite-dimensional weight spaces 
and hence is isomorphic to a finite direct sum of simple finite dimensional g-modules V{fj,r,s) 
for some ^r,s G P"*". Choose si such that z^i := ^J-i^si > A*- Such si exists since ^ + rji is 
a weight of Wi. Furthermore, let r2 be the smallest positive integer so that there exists S2 
with V2 ■■= A*r2,S2 > A*) fJ-hsi 7^ I^r2,s2- Notice that r2 always exists since the module Wi is 
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finite-dimensional and the maximal weights which occur in Wr keep increasing. Repeating 
this process, we obtain an infinite collection of elements > k > 1 such that such that 
V{i'k) is isomorphic to an irreducible g-submodule W{vk) of V . By Lemma l2.2l it follows that 
n W{i'k) 7^ for all k > 1. Since all the Vk are distinct, the sum of W{iyk) is direct, which 
contradicts the finite-dimensionality of V^. In particular X + ai ^ wf^iV) for all i € / which 
implies that A G . □ 



4.2. 

Proposition. Suppose that V is an object in if''"' and assume that wt^{V) is not a subset 
of 7i6. Then V contains an (-highest weight submodule generated by v ^ ^x+rS /^'^ some 
A € P+ \ {0} andO<r < r^. 

Proof. By Proposition l4.1l and Lemma f.S.ll we find that there exists A E P'''\{0} and < s < 
such that V^j^^^ ^ 0. Fix a non-zero v E ^a+s5- ~ U(L'^(g))T;. We claim that 

Vi and hence V contains an ^-highest weight L'^(g)-submodule. For this it suffices to prove 
that the U(L'^([)))-module ©r6z(^i)A+r5 contains an irreducible U(L'^(f}))-submodule. If not, 
then there exists integers G Z, and non-zero elements vt € iyi)\+rk&^ A: G N, such that 
\J{L^{\]))vk 2 \J{L^{\]))vk+i and we can assume as usual that < < for all k. Since the 
Vk are obviously linearly independent, this contradicts the fact that the weight spaces V\+s5 
are finite dimensional. Thus, there exists an element vq € \ {0} for some € wi^iV) 
such that U(L^(f)))vo is a simple U(L'^(f)))-module. Then \J{L^{q))vq is an ^-highest weight 
module. □ 

Corollary. Suppose that V G ObT-^*". Then V contains a simple l-highest weight submodule. 

Proof. By Lemma 13.51 we may assume that wt'^(y) is not a subset of Z5. By the above 
Proposition, it is enough to consider the case when V is an ^-highest weight module generated 
by v G V^j^i^^, A G P^ , < k < rx. Assume for a contradiction that the corollary is false. 
Then there exists an infinite family of non-zero ^-highest weight L'^(g)-submodules Vr, r > 
of V, such that Vr 2 ^r+i- Let Vr be an ^-highest weight vector generating Vr and assume 
that the weight of Vr is fir + Sr6, where Hr G P^ fl (A — Q~^), Sr G Z. As before, we may also 
assume that < < r^^- Since the set P^ fl (A — Q~^) is finite, the weights of the linearly 
independent elements Vr, r > 1 are contained in a finite set, which is a contradiction since 
weight spaces of V are finite dimensional. □ 



4.3. The next proposition provides an analogue of the finite length property for the cate- 
gory jf^". 

Definition. We say that a descending chain of L'^(0)-submodules V = V/v 12 ^N~i 2 ' ' ' 2 
^1 2 ^0 = of a L^(0)-module V G Ob J^^" is a pseudo- Jordan-Holder series, if 

(i) either Vk/Vk-i is a simple ^-highest weight module and wt'^(Vfc/Vfc_i) ^ Z5 
(fi) or Vk/Vk-i = e,ez C2 for some G Z+ 

and for all k, at most one of Vk/Vk-i, V^+i/Vk satisfy (jiH). 
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Proposition. Let V G ObT-^*" be indecomposable. Then V admits a pseudo- Jordan-Holder 
series. In particular, V has finite length, in the usual sense, if and only if the set of r ^ Z 
such that CrS is a subquotient of V is finite. 

Proof Since V is indecomposable wt^(y) ^ Z6. If V^^^') ^ 0, set Vi = ^'^(s). Otherwise, by 
Corollary 14.21 choose Vi to be a simple ^-highest weight submodule generated by an element 
of for some Ai G \ {0} and < r < r\. This procedure can obviously be repeated 

to get an ascending chain satisfying the conditions of the above definition. Proposition VA.IM 
implies that we must reach a stage when (V/Vn)^^^^ = V/Vn and hence Vat+i = V which 
proves the finiteness condition of the proposition. □ 

4.4. Let V be an object in I^^" and let F = V^v D • • • D D = and F = V^, D • • • D 
Vi 1^ Vq = be descending chains of its L^(g)-submodules. We call these chains equivalent if 

(i) |{0 < i < iV : wt%Vi/Vi.i) ^ Z6}\ = |{0 < j < iV' : wt%V^/V^_^) Z6}\. 

(ii) For each < i < iV such that wt'^{Vi/Vi-i) ^ Z6, there exists < j < A^' such that 
Vi/Vi.i ^ V^/V^-i- 

It is easy to see that the above relation is indeed an equivalence. 

Proposition. Let V be an indecomposable object in X^^"^ . Then its pseudo- Jordan-Holder 
series is unique up to equivalence defined above. 

Proof. It is easy to see that any refinement of a pseudo-Jordan-Holder series for an indecom- 
posable object V in I-^*" is equivalent, in the above sense, to that pseudo-Jordan-Holder series 
itself. The statement follows immediately from the Schreier Refinement Theorem. □ 

It follows from the above proposition that the number 

|{0 < i < iV : wt^Vi/Vi^i) ^ Z6}\, 

where V = Vn 2 " " " 2 2 = is a pseudo-Jordan-Holder series for V, is well-defined. 
We call this number the pseudo-length of V. 

4.5. We can now prove Theorem^ 

Proof. Let V € ObX'^*". For each s € Z, let G Z_|_ be the multiplicity of C^^ as a direct 
summand of V and set Ui = 0^gz Clearly Ui C V^'^^\ For s G Z with 7^ fix a 

L^(g)-module complement V^'^ of C^^ in V and let U2 = HrGZ -.mr^o Since y(^) nC;:^'- = 
it follows that C/i n C/2 = {0}. 

Let V G Vfj,, ji G wt^(y). li ^ ^ s5 for some s G Z such that nis 7^ 0, then v G T^^*^ for all 
s G Z and so f G ?72- Otherwise, since we can write v uniquely as f = ui + U2 

for some ui G C^" and U2 G V'^^\ It follows from weight considerations that U2 G U2 and so 
we have proved that V = Ui(B U2. Note that if U2 7^ 0, then by Lemma llS . 51 wf^ (Uo ) is not a 
subset of Z5. 

It remains to show that U2 is a finite direct sum of indecomposable L'^(g)-modules. If 
U2 is indecomposable we are done. Otherwise, we can write U2 = Mi M2. Note that 
wt^(-Mj) is not a subset of Z5 for j = 1,2 since otherwise by Lemma 13.51 we would have a 
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contradiction to the definition of Ui . Hence dim Mj > for j = 1,2 and since C/j = M^^ , 
dimC/^ = dimM^*" + dimM^. The statement follows by repeating the argument and using 
the fact that dim [72*^ < 00 (cf. Proposition I3.3|) . □ 

Since by Theorem ^ every object in the category 

Jfin 

is a direct sum of indecomposables, 

it makes sense to define the blocks in that category. 

4.6. Let C be an abelian category in which any object is a direct sum of indecomposables. 
We say that two indecomposable objects f/j, z = 1, 2 in an C are linked and write Ui ~ C/2 if 
there do not exist full abelian subcategories Cj, i = 1, 2 such that Ui G ObCj and C = Ci C2. 
If the Ui are decomposable, then they are said to be linked if every indecomposable summand 
of Ui is linked to every indecomposable summand of C/2. This defines an equivalence relation 
on C and the equivalence classes are called blocks. Each block is a full abelian subcategory 
and the category C is a direct sum of the blocks. 

It is not hard to see that the following is an equivalent definition of linking. Two indecompos- 
able objects U, V in C are linked if and only if there exists a family of indecomposable objects 
Ui = U, U2, ... ,Ui = V in C such that either Homc(?7fc, Uk+i) 7^ or }lomc{Uk+i, Uk) ^ for 
anA; = l,...,/-l. 

4.7. Following 0, let H be the set of functions x '■ — > F with finite support. Addition 
of functions defines on H the structure of an abelian group. Given i € /, a € C^, set 
Xi,a{z) = Sa^z'^i, where Wi denotes the canonical image of ro, in F. Clearly H is the free 
abelian group generated by the Xi,a^ i & I, a £ C^. 

Define an action of on H by 

{a-x){z) ■=x{az), a,zeC. 

Let S be the set of orbits in H for this action and let x the -orbit of x G In the rest of 
the paper, we shall prove the following: 

Theorem 2. Assume that g is simply-laced. The blocks in the category jf^"- are parametrized 
by the elements of H. 

5. The category T and the functor L 

5.1. Let be the set of /-tuples of polynomials tt = {iTi)i^j in u with constant term 
1. We regard as a commutative monoid with multiplication defined component-wise. 
Let 1 = (1, . . . , 1) and, for i G I and a G C^, let "UJi^a G V'^ be the /-tuple of polynomials 
with the polynomial (1 — au) in the i*^ place and one everywhere else. The elements "ZaTj a, 
i G / and a G generate the monoid . For tt G , set Att = ^jgj(deg7rj)roi G . 

Conversely, given A G and a G C^, set Tr;^^ = Oie/'^i^a*' ^• 

We say that tt = (7rj)jg/,7r' = (vr.)^^/ G are co-prime if for all i,j G /, the polynomials 
VTj and VTj are co-prime. Clearly any tt G can be written, uniquely, as a product '^\j,aj for 
some Aj G P~^ and aj (z , 1 < j < k and 7^ aj if r 7^ j. 

Let m : P+ ^ Z+ be the map defined by setting m(7r) to be the maximal non-negative 
integer r such that tTj G C[ii^] for all i G /. 
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Lemma. Suppose that A,/i G and A > /i. Let tt € and a € be such that vji^a. is 
coprime to tt for some i ^ I. Then either m{TVTT\^a) = 1 or m(7r7r^^a) = 1 • 

Proof. Observe that for all tt' = ('/r-)jg/ G , m(7r') > 1 implies that J2r l^r{h)br = for 
all /i G i), provided that tt' = Hr^Airifer where the br are distinct and fir £ P^- Indeed, 
for i £ I, Ylir t^i'{oi()br is obviously the coefficient of u in the polynomial vr^(u). Since we 
assume that m{Tv') > 1, it follows from the definition of m{Tv') that the coefficient of u in all 
the tt'-, i £ I must be zero. 

Write TT = Y[r=i ^A,.,a,. where the are distinct. Obviously, a ^ Or for all 1 < r < 
k. Let (3 = X — n £ \ {0}. Suppose that m(7r;^7r) > 1. By the above argument, 
\{h)a + 'Ylir^r{h)ar = for all h £\). Since /3 7^ 0, there exists i £ I such that [3{a() 7^ 0. 
Then ix{a1)a + Er^r(anar- = (A - /3)(a,^)a + Er^r(a,^)ar = -/?(a,^)a / which im- 
plies m{7v^7v) = 1. □ 

5.2. 

Definition. Let V be an L(0)-module and let ^ v £ V. We say that v is an ^-highest vector 
if 

L(n+)t; = 0, dime V{L{t)))v = 1. 
The module V is said to be ^-highest weight if it is generated, as L(g)-module, by an ^-highest 
weight vector. 

Given tt = (7rj)jg/ G P^, let W(7r) be the L(0)-module generated by a vector satisfying 
the relations: 

L{n^)w„ = 0, hw-,^ = \T,{h)wT,, K,±kWTr = '^f^k'^-n-, 

where /i G f), 7r,(n) = Efc>o<fc^'' and Efc>o^~fc^'' = tx'^"s-.vr,(n-i)/(nd'=g->7r,(n-i)U=o)- The 
modules W(7r) are clearly ^-highest weight modules for L{q). 

Let J- be the category of finite-dimensional representations of L{q). The following was 
proved in HITIIHI. 

Proposition. (i) For all tt G , W(7r) is an indecomposable object in T . 

(ii) Any i-highest weight module in T is a quotient 0/ W(7r) for some tt G V'^ . 

(iii) T/ie modules W(7r) /laue a unique irreducible quotient V(7r) and any irreducible module 
in T is isomorphic to V(7r) for some n £ . 

(iv) Let 77, Tv' £ be coprime. Then W(7r) Cg) VV(7r) = VV(7r7r'). In particular, any quotient 
o/W(7r7r') is isomorphic to a tensor product of quotients ofW{7T) and W{n'). 

(v) Let a £ and let Ta be the automorphism of L{g) defined by Ta{x ® t^) = a^'x ® f for 
all X £ Q, r £ Z. Then T*VV(7r) is isomorphic, as an L{g)-module, to W(7r(au)). □ 

Corollary. Let tt G and suppose that m = m{7v) > 1. Then there exists r]m £ Endc W(7r) 

such that rj.rn{w-K) = w-k and rj.m.{{x ® t'^)w) = Cmi^ ® t^)'n-K{w) for all x £ Q, r £ Z and 
w £ yV(7r), where Cm is an mth primitive complex root of unity. Moreover, rjm is of order m. 

Proof. Let a G C^. Since r*W(7r) is isomorphic to >V(7r) as a vector space, it follows from (jvjl 
that there exists a map r/^^a G Home (W (tt ), >V(7r (an))) such that ?/7r,a(w7r) = w-k and rj-j^^aiix^ 
t^)w) = {x'S)t'^)rjTr^a{w) for all x G g, r G Z and w £ W . Set rjm = Vt^c-^- Since m = m(7r) > 
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1, n{(mu) = 7r(n) and so r]m G EndcW(7r). The first two properties of rjm are immediate. 
For the last, observe that since W(7r) is generated by Wtt as an L(g)-module, it follows from 
the properties of r]m that W(7r) is a direct sum of eigenspaces of rjm all eigenvalues of r]m are 
mth complex roots of unity and Cm is an eigenvalue of rjm- □ 

Remark. The module V{n\^a) is isomorphic to V{X) as a g-module, the L(0)-module structure 
being defined by the evaluation at a, that is, {x®t'^)v = aP'xv for all x G 3, n G Z and v € V{X). 
More generally, V(7r), tt G is isomorphic to a tensor product of modules of the form V(7rA,a) 
with distinct a. 

5.3. The assignment '^i ^ — > \i^a extends to a surjective map of monoids — > Denote 
by x-K the image of tt G under this map. Given x ^ let F-^ be the full subcategory of !F 
whose objects have the following property: V(7r) is an irreducible constituent of V in J^^^ only 
if X = Xtt- The following result was proved in jSj. 

Theorem 3. We have J- = ©^^-gs-^x- Moreover the J-^ are the blocks in T. □ 

5.4. Define a functor L : T ^ Z^'"' by Liy) = V® C\t,t-^\ with the L^(0)-module 
structure given by: 

(x (g) t^){v (g) t") = {x® t^)v (g) d{v (g) e) =nv®e 

for all a; G 0, ?; G y and k,n G Z. Clearly L preserves direct sums and short exact sequences. 

It should be noted that the functor L is not essentially surjective. For example, the inde- 
composable module L{q) C with the L'^(3)-module structure given by 

{x(S)t''){y0f,a) = {[x,y](g)f'^^,r6r,^kix,y)g), d{y0f,a) = {ry(S)f,0) 

is not isomorphic to L{V) for any V in J^. 

Given any ^-highest weight L(0)-module generated by an ^-highest weight vector v, let L^{V) 
be the L'^(0)-submodule of L{V) generated by w (g . The following result was proved in [Jj 
(see also 0). 

Proposition. Let vr G , tt 7^ 1. 

(i) For < s < m{7v) the module L*(V(7r)) is an irreducible L^{Q)-suhmodule of Liy [it)) 
and moreover, 

m(7r) — 1 

L{V{n))= L«(V(7r)). 

Further, as L(Q)-modules we have, L*(V(7r)) = L''(V(7r)) for allO < s,r < m(7r). 

(ii) Any irreducible object in Z-^*" is isomorphic to L*(V(7r)) for some tt G , tt 7^ 1 and 
< s < m(7r) or to Cj-s for some r G Z. 

(iii) As L"^ (g) -modules L^{V{tv)) = L^{V{tv')) if and only if it' [u) = 7r(aii) for some a G 
and r = s (mod m^n)). □ 
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5.5. Motivated by the preceding result, we define an action of the group on by 
(a • 7r)(ti) = 7r(an) for ah a G C^, tt G and we define 7^+ and W in the obvious way. 
It is easily checked that the surjective map of monoids V'^ H described in 15.31 induces a 
surjective map 7-*+ — > H. Denote by Xtt the image under this map of the element tv. 

Given x G H with X 7^ 0, let X^*"" be the full subcategory of T-^*" consisting of -L'^(g)-modules 
V € ObX-^*" satisfying: L''(V(7r)) is an irreducible constituent of V only if x = Xtt- We say 
that V is in if all its simple constituents are either of the form C^^, r G Z or of the form 
L^(V(7r)) with Xtt = 0. 

Proposition. (i) If V (£ OhT^ then L{V) G Ohll''^. 
(ii) Suppose that V is an i-highest weight quotient o/>V(7r) for some tt G and let v be the 
canonical image of w^^ in V. For < s < m{n) the submodule L^{V) = \J{L^{q)){v (8> 
t^) C L{V) is an i-highest weight L'^{Q)-module and 

m(7r) — 1 

L{V)= L^{V). 

Proof. Since V is finite dimensional, it has a Jordan-Holder series V = V/v 2 ' ' " 2 ^ = 0- 
By applying the functor L we obtain a filtration LiV) = L{V]\f) 2 ' " " 2 -^(^0) = 0. Observe 
that L(Vi) / L{Vi-i) = LiVi/Vi-i) and thus is either simple or completely reducible. In the 
second case, it is a finite direct sum of simple objects unless Vi/Vi-i = C in which case 
LiVi/Vi-i) = 0j,£z ^rS- Therefore, refining and dropping terms if necessary we can construct 
a pseudo-Jordan-Holder series for L(y) out of Jordan-Holder series for V. The statement 
follows since the pseudo- Jordan-Holder series is unique up to equivalence defined in 14.41 
It suffices to prove (jnj) when V = >V(7r) and when m = m(7r) > 1. Clearly, 

L{W{7v)) =Y,L'{W{7v)), L'{W{7v)) = L''{Wi7v)) ii s = r (mod m). 
sez 

Define rjm G Endc -Z^(W(7r)) by r]m{w f) = CmV-miw) (8) t^, where Cm is an mth primi- 
tive root of unity and r]m is a map from Corollary 15.21 (cf. fHl 2.6]). It is easy to check 
that rfm G Endj;^e(g) L(>V(7r)) and since rjm is clearly of order m, it defines a representation 
of Z/mZ on L(>V(7r)). It follows that L(W(7r)) is a direct sum of Z/mZ-isotypical components 
corresponding to m distinct irreducible characters of the finite abelian group Z/mZ. It remains 
to observe that Z/mZ acts by its irreducible character corresponding to Cm on L*(W(7r)) and 
hence L'*(>V(7r)) is contained in a Z/mZ-isotypical component of L(VV(7r)). □ 

5.6. For any object V in J-^*", let V* = 0^gp V* C V* be the graded dual of V. Then 
V* is an L^(g)-submodule of V* and is in X-^*" and the functor sending V to is exact 
and contravariant. It is easy to see that L(V(7r))* = L{V{tt*)), with tt* G satisfying 
Att* = —WoXtt where Wo is the longest element of W. In particular, if ivj G , j = 1,2, and 
A771 - A^2 G Q+ \ {0}, then A^* - A^. ^ Q+. 



5.7. 
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Proposition. Let a € and let Xj G , j = 1,2 be such that Ai > A2. Set iVj = iT\-^a CLnd 
suppose that Ext^(V(7ri), V(7r2)) 7^ 0. Assume that tt G is coprime to ziJi^a for i & I. 

(i) //m(7ri7r) = 1 then L(V(7ri7r)) and L(V(7r27r)) are linked. 

(ii) If m{7ri7v) > 1 then L(V(7r27r)) is simple and is linked to L*(V(7ri7r)) for some < s < 
m(7ri7r). 

Proof. Suppose that we have a non-spht short exact sequence of finite dimensional L{q)- 
modules 

— > V{7V2) — >V — > V(7ri) — > 0. 

Since tensoring with V(7r) is exact and the functor L preserves short exact sequences, we have 
a short exact sequence of L'^(g)-modules, 

L{V{7V2) V(7r)) L{V O V(7r)) L{V{7Vi) V(7r)) — > 0. (5.1) 

It is not hard to see (cf. 5 ) that the module V is an ^-highest weight module for L{q) 
and is a quotient of VV(7ri). Moreover, since tt and 7Vj, j = 1,2 are coprime, it follows 
from Proposition 15.21 that V V(7r) is an ^-highest weight quotient of W(7ri7r) and also that 
V(7r,)®V(7r) ^ V(7rj7r),i = 1,2. 

If m(7ri7r) = 1 then by Proposition I5.5l|ii)) we see that L{V V(7r)) is indecomposable 
and part ^ is immediate. Otherwise, by Lemma 15.11 m-(7r27r) = 1 and so L(V(7r27r)) is 
simple. By Proposition [^3P . L{V V(7r)) = '''^"^ L*(y ® V(7r)) and L(V(7ri7r)) = 

0^0 '''^"^^'("^(^i^))- It follows from (EHJ that the sequence 

— > L{V{7V27v)) — > U{V (g) V(7r)) — > U{V{ititt)) — > 

is exact for some < s < m(7ri7r). Part (jn]) follows since L^iV ® V(7r)) is ^-highest weight 
and hence indecomposable. □ 

Corollary. Let tv € and assume that m{7v) > 1. Let a G be such that vji^a, i I 
is coprime to tt. Then L{V{mrg^a)) ~ -^C'^(^))- -^^ particular, the modules L*(V(7r)) and 
L^{V{7v)) are linked for any < s,r < m{7v). 



Proof. By Lemma l5.H m^TVg^a'^) = 1. Since Ext;^(V(7r6i^a), C) 7^ (cf. the result is 
immediate from the proposition. □ 

5.8. 

Proposition. Let 7r,7r' € and suppose that x-k' = 0. Then L(V(7r7r')) ^ L(V(7r)). 

Proof. Clearly it is sufficient to prove the statement for tt' = i^p^a where f3 G P^ fl Q C . 

Suppose first that i^p^a is co-prime with tt. Since A G P'^ n , by Proposition 1.2] 
there exists a sequence G P^ n Q"^ , r = 0,...,N such that 70 = /3, 7Ar = and 
Ext;^(V(7r^^^a), V(7r^^^-^_a)) 7^ 0. It follows then from Proposition 15.71 and its corollary that 
the module L(V(7r^^^a7r)) is linked to L(V(7r^^^(j7r)) for all < r, s < N, which implies the 
assertion. 

If TVx^a is not co-prime with tt, when we can write tt = vr^j^aTTi where tti is co-prime with "c^j^ai 
z G /. Then tttt^^q = Tr^+^^avri. Again, by Proposition 1.2], there exists a sequence i^r £ P^, 
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r = 0,...,K such that uq = jj, + f3, j/^ = ^ and Extjr{V{7Vy^^a),V{7v^^_^_^^a)) / 0. Then 
it follows from Proposition 15.71 and its corollary that L{V{7Tu^^aT^i)) L(V{nu^,a'^i)) for 
alio <r,s < K. ' ' □ 

Corollary. Let tvj £ V+ , j = 1,2 be such that x-k^ = X-K2- Then L{V{7Vi)) ~ L(V(7r2)). 

Proof. Suppose first that x^. = 0, j = 1, 2. Then Xttj = and it follows from the Proposition 
that the L{V{7Vj)), j = 1,2 are linked to L{C) and hence are linked. 

Suppose that / 0. We may assume, without loss of generality, that Xtti = Xtt2 ■ By the 
Proposition, we may assume that tvj = Ylr=i '^XjrAr such that Ai,r — A2,r = 13^ — 13^ , (5^ G 
. Applying the Proposition again we conclude that L(V(7r2)) ~ L(y [iv 2\^^i p+ ^ )) = 
MV(7rinti^/3-,a.))-^(V(vri)). ^'^ □ 

6. Characters of indecomposable objects in Z-^*" 
Throughout this section we assume that g is simply laced. 

6.1. In order to complete the proof of Theorem |21 it remains to establish the following 
proposition. 

Proposition. Let V he an indecomposable object in X-^*". Then V is an object in x|*" for 
some X £ ^• 

In order to prove this proposition we will need to establish some properties of ^-highest weight 
L'^(fl)-modules. 

6.2. Given A € P^, let W^{X) be the left L'^(g)-module generated by an element w\ 
subject to the relations 

L{n+)wx = 0, hwx = X{h)wx, (x" l)^^"^^+^wx = 0, 

for all a € and h G \]e- Clearly, right multiplication by elements of U(L((])) defines a 
structure of a right U(L([)))-module on I^^(A). The following can be found in |8j. 

Proposition, (i) Let Jx = Annu(L([j)) wx- Given tt G with X„ = A, there exists a 
maximal ideal J-n- D Jx in U(L(f))) such that one has an isomorphism of L{q) -modules 

W(7r) ^ W^X) <S,^^Lm U(L(f)))/J.. 
Conversely if J is any maximal ideal in U(L([)))/J;^ then J = J„ for some tt G and 

W(7r) ^ W^X) ®u(^^)) U(L([)))/J. 

6.3. As explained in the introduction, the next theorem follows from |131 112j . It was 
also proved, by different methods, in 8^ for q = sfe, in ^ for g = stn, n > 3 and in [TO^ for g 
of all simply laced types. 

Theorem 4. Let A G P+. Then there exists A^'a > such that dim W(7r) = Nx for all tt G P+ 
satisfying Att = A. 

Corollary. As a \]{L{\))) / Jx-module, T^'^(A) is free of rank Nx- 
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Proof. Let S\ = \J{L{1)))/ Jx. Then any maximal ideal in Sx is of the form J,r for some tt € 
with = A. Since W{7v) = W''{X)®s^Sx/ Jtt, it follows from the Theorem that dimW''{\)(E)s^ 
Sx/J = Nx for any maximal ideal J in 5a. The statement follows by Nakayama's Lemma. □ 

6.4. Let i^TT be the kernel of the homomorphism ^/^tt : U(L(f))) —>■ C[t^^] of Z-graded 
algebras defined by tpTT{-^i,±s) = '^ts^^^- Then D Jx^ and we set 

It is clear that any ^-highest weight L*^(g)-module is a quotient of W^{7r) (g) C^^ for some 
TV er+, seZ. 

Proposition. The module W^{7r) is a free module over '[J{L{1)))/ K^^ of rank dim W{7v). In 
particular WiTv) ^ L°(W(7r)) as L'^is) -modules. 

Proof. The first statement is a standard consequence of the corollary of Theorem [l] For the 
second, let m = m(7r) and let rjm G Endc VV(7r) be the map from Corollary 15.21 By the proof 
of Proposition l5.5l|iH) . L^{'W{7v)) is spanned by elements w (8) t*, s € Z, where w G W{n) 
satisfies r]m{w) = Cm^uj, Cm being an mth complex primitive root of unity. Since irf^ = 
unless m divides s, it follows that the formula 

{W (g) f)Ai,±s = TT^.iw (g) f^'), 

defines a right action of U(L([))) on L^iW^n)) which commutes with the left L(g)-module 
action. It follows that L°(W(7r)) is a free module for \J{L(\;)))/ K.,^ of rank dim(W(7r)). 

The proposition follows by noticing that L''(>V(7r)) is an L'^(g)-module quotient of W^{tv), 
that the quotient map is also a map of right U(L(f)))-modules and that L^{W{tv)) and W'^{7v) 
are free U(L([)))/i^,r-niodules of the same rank. □ 

Corollary. Let V be an £-highest weight L^{Q)-module. Then V is a quotient o/L*(VV(7r)) 
for some tt E , < s < m(7r). 

6.5. The crucial point in the proof of Proposition 16. II is the following result. 

Proposition. Suppose that Vi, i = 1,2 are simple objects in X^*" respectively, with xi 7^ X2- 
ThenEiit^^fM,V2) = 0. 

Proof. Suppose that there exists a non-split short exact sequence of L'^(g)-modules 

> V2 M — ^ Vi > 0. 

Since C^^ € ObTg*" for all r G Z, we may assume that at least one of Vi or V2 is not 
isomorphic to C^^ for r G Z. By passing to graded duals if necessary (cf. 15. 6() . we can assume 
that Vi = L*(V(7ri)) for some tti G V'^ with tti 7^ 1, < s < m(7ri) and also that if 
V2 = L'{V{n2)), < r < m(7r2) then A^^ - A^, ^ Q+. Since L'(V(7ri)) ^ L°(V(7ri)) (g) C,^, 
we further assume by tensoring the above short exact sequence, if necessary, with C.^^ that 
s = 0. Choose m^ri G M such that ^(m^^) = Vt^i 'Si 1. Since the sequence is not split and 
XiT2 ■^•n-i! we have 

L(n+)m^, =0, M = U(L'=(0))m^, . 
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In particular, if we denote by Mq the U(L^([]))-submodule of M generated by mTn, then we 
have, 

Mo = ^Ah^^+r5 = {{Vl)x^^+rS © {V2)x^^+rs) 
reZ reZ 

as f)e-niodules. 

If dim Mx^^+r5 < 1 (in particular, if ^7^2) ^ then M is an ^-highest weight module for 

L^ig). Then bv Proposition lOl M is a quotient of L''(W(7ri)). Since Proposition 15.41 implies 
that L'^(VV(7ri)) G ObX|™ it follows that M € Ob 2"^^". That is impossible if X7r2 X-ki and 
we obtain a contradiction. 

If Atti = )^-K2 = and dimMA+po5 = 2 for some po £ Z, then dim M^+p^ = 2 for all 
p = Po (mod /c) where = lcm(m(7ri), m(7r2)). Fix m.,ri,l G M;^_|_(pg_|_;j;)5 such that £,(1^771,1) = 
i^TTi 'JJ t^O"*"^' and set mTra,; = 4'{'v-k2 ^ t^^o+ki-^ ^ M;^_|_(py_|_;,;)^. Then {m^^^^, 171^^2,1} is a basis 
of M;s^+(pg_(_;,;)^. Let V'tt denote the composition of V'tt with the map C[i^^] C, t 1. 
Since x-n-i 7^ X7r2 there exists l,s £ Z and x G U(L(f)))fcs such that ^^^^(x) 7^ "0772 (^) and 

where c € C. Let 7 : Mx^(^pg+(^i+s)k)S ~^ ^\+{po+ki)5 be the isomorphism of vector spaces 
defined by ^{m-,rj,i+s) = n^-Kj,h j = 1) 2. Then the matrix of 7 o 2; in the basis m^j^/} is 

upper triangular with distinct diagonal entries and so 70X has two one-dimensional eigenspaces. 
Obviously, rriTr^^i is an eigenvector of 70X corresponding to the eigenvalue 'lij-j^^ix)- On the other 
hand, since mTra.i ^ U(L'^(f)))?7i^j^;, it follows that rriTr^^i = ym^^^j for some y G U(L^(f)))o. 
Now 

and hence m^j,/ is also an eigenvector of 7 o x corresponding to the eigenvalue ^'771(2;), which 
is a contradiction. □ 

Corollary. Suppose that Vi G OhZ^^^ , i = 1,2 with xi 7^ X2- Then Ext^/j„(Vi, V2) = 0. 

Proof. An induction on the pseudo-length (similar to the induction on length used in 
Lemma 5.2] for J^) yields the corollary. □ 

6.6. We are now able to prove Pr op osition 16 . II 

Proof. Let V is an indecomposable object in T'^*". We proceed by induction on the pseudo- 
length of V. If V is simple then it clear from the definition that V G 2^*" for some tt G . 
Otherwise, we have an extension 

> Vi > V > U > 0, (6.1) 

where either Vi = ^^(0) or Vi <f. y-^^s) and is simple. In any case, V\ is an object in T^*"" for 
some X S H. Using Theorem^ we can write 

k 
j=0 
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where Uq = 0j,gz ^Ts"^ ^ — 0' ^^'^ ior j = 1, . . . , k the module Uj is indecomposable with 
wt^(C/j) Z5. Notice that the pseudo-length of Uj, j > 1 is strictly smaller than that of V 
unless U is indecomposable and Vi = V^^^\ 

Suppose first that Vi ^ y-^(0). Then, by the induction hypothesis, we see that for j = 
1, . . . , fc, Uj is an object in J^^J^ for some Xj ^ ^- Suppose that x Xjo some < jo < k. 
Then by Corollary 16.51 



Ext^,„,([/,yi) ^ 0Ext^,„(C/„yi). 



In other words, the exact sequence (|H.H) is equivalent to 



> Vi > u,,®v' > u^.e^j^^^u, > 0, 



where 



> Vi > V > ©^.^^.^ Uj . 



is an element of ©jyjQ Extj/i„(?7j, Vi). This is a contradiction since V is indecomposable. 

Finally, suppose that U is indecomposable and Vi = V^^^^ . Then [/^(b) = and so we have a 
short exact sequence 



> Ui ^ U > U2 > 0, 



where Ui is simple and Ui (f. U^^^\ Hence the pseudo-length of U2 is strictly smaller than 
that of U, and so we can apply the above argument and show that U is an object in for 
some X ^ '='• If X / 0) then Ext^yi„({7, Vi) = by Corollarv 16.51 and so V = Vi QU which is a 
contradiction. Thus, X = and V is an object in ObZ^*". □ 
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5, h 


im p.Ei 




O pS 


I, Oi, Wi 


im p.Ei 




E31 pEI 


R, R+, Q, Q+, P, P+ 


im p.Ei 




D.iHi 
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(•,-)g 
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W 


[2n p.Ei 
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SZ3 p.El 
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im p.n 
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O p El 




m p.El 


v+ 
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U(a) 
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EH p El 
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T 


lO n.rml 
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